We prove a generalization of the Newton Identities for entire functions, which give a relation between the Taylor coefficients and sums of powers of reciprocals of the zeros of an entire function. We apply these identities to a number of special functions, yielding some interesting recursion relations.
where g is an entire function, (r n ) n≥1 is the finite or infinite (or empty) sequence of non-zero complex roots of f , m ∈ Z ≥0 is the order of vanishing of f at 0, and k n ∈ Z ≥0 for each n. This, and the special functions considered below, can be found, for example, in [1] . The normal convergence of (1) in C is equivalent to the absolute convergence of the sums
The logarithmic derivative of (1) is
Suppose that the Taylor series for f and g about 0 are given by
Then we find that
Now comparing the coefficients of z k−1 yields
which we rewrite in the form
This is a generalization of the usual Newton Identities for polynomials. Indeed, suppose that p(z) = a 0 z n + a 1 z n−1 + · · · + a n−1 z + a n is a polynomial with a n = 0 and roots r 1 , . . . , r n ∈ C. Then applying (2) to the reciprocal polynomial
where we set a i := 0 for i > n. These are the usual Newton Identities for polynomials.
Applying (2) to various special functions yields the following recursion relations that, while not new, deserve to be better known. For example, consider the well-known infinite product expression for sin(πz):
and (2) with k = 2m together with the usual expansion sin(πz) =
from which one obtains as usual ζ(2) = 
and (2) gives us the following recursion for the Taylor coefficients of
(−1) k−i a i ζ(k − i) , for k = 2, 3, 4, . . . .
Starting with a 0 = 0 and a 1 = 1, we compute a 2 = γ, a 3 = 1 2 [γ 2 − ζ(2)], etc. Lastly, let Λ ⊂ C be a lattice, i.e. Λ = {mω 1 + nω 2 | m, n ∈ Z} with ω 1 , ω 2 ∈ C and ω1 ω2 ∈ R. The Eisenstein series associated to Λ is defined by
